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Introduction 

 

In the last years the Bonferroni inequality index (𝐵, Bonferroni, 1930) has been 

analysed with more attention for its particular characteristics. The Bonferroni, as 

the Gini (1914) index, has been identified as special cases of a general formula by 

De Vergottini (1956). Further studies on 𝐵 have been conducted by Piesch (1975) 

and Nygård and Sandström (1981). Recently, new and interesting interpretations 

and extensions of 𝐵 have been proposed. 

A widespread topic in the literature on inequality measures is their 

decomposition. Many contributions are related to the Gini index 𝑅 (Gini, 1914). 

Tarsitano (1990) showed various standard results used to investigate the 

decomposition of 𝐵 and Bárcena-Martin and Silber (2013) derived an algorithm 

that greatly simplifies it. 

In the field of inequality index decomposition two main lines of research can be 

distinguished: decomposition by income sources and by population subgroups. The 

former is widely treated, whilst less attention has been paid on the latter (Giorgi, 

2011). The reason lies in the difficult to decompose additively some inequality 

indices, such as 𝑅 and 𝐵, by population subgroups. To overcome this drawback 

Deutsch and Silber (2007) used the so-called Shapley method on 𝑅. 

In the present paper the same method has been applied on 𝐵. Several interesting 

similarities and differences among the two indices are highlighted. Furthermore, 

some properties of 𝐵 have been object of deeper investigation. 

The paper is organized as follows: in section 1 the original expression and the 

main properties of 𝐵 are presented. In section 2, the Shapley method is quickly 

surveyed and a numerical illustration is provided. In section 4 the method is 

applied to real data (It-SILC data referred to 2009). Finally, conclusions and future 

prospects of research are discussed in section 5. 
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1. The Bonferroni inequality index 

 

The expression of 𝐵 proposed by Bonferroni (1930, p. 55 and p. 85) is a function 

of partial means: 
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are the general and the partial means for units sorted in non-decreasing order with 

respect to the 𝑋 variable. 

The 𝐵 index satisfies the axiomatic properties required for inequality indices 

[i.e. the principle of transfer, of proportional addition to incomes, of proportional 

addition to persons, of symmetry, of normalization and of operationality] (Giorgi, 

1998, p. 142) and 𝐵 ≥ 𝑅 holds, because it gives bigger weights to units with lower 

values in the 𝑋 ranking (see, e.g., De Vergottini, 1950 pp. 318-319 and Pizzetti, 

1951 p. 302). Therefore, 𝐵 is more sensitive to lower levels of the income 

distribution (see, e.g., Giorgi and Mondani, 1995). 

The Bonferroni index is linked to the Bonferroni curve (Figure 1) which is 

obtained by plotting the cumulative proportion of recipients (𝑝𝑖 = 𝑖/𝑁), arranged 

in non-decreasing values of 𝑋, versus the corresponding ratio between partial mean 

and total mean (𝜇𝑖/𝜇). 

The polygonal line joining the points (𝑝𝑖, 𝜇𝑖/𝜇) is the Bonferroni curve. If all 

the recipients in the population have the same quantity of 𝑋 (i.e equal to 𝜇) the 

Bonferroni curve coincides with the line of perfect equality that joins the 

coordinate points (0,0), (0,1), (1,1). 

The area between the Bonferroni curve and the line of perfect equality is the 

concentration area, which is equal to the value of 𝐵 (Giorgi and Crescenzi, 2001, p. 

572-573). 
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Figure 1 – An example of Bonferroni curve. 

 
 

2. The Shapley decomposition 

 

To overcome the problem of additive decomposition of 𝑅 by population subgroups, 

Deutsch and Silber in 2007 used the Shapley decomposition, first introduced in this 

field by Shorrocks (1999). They derived the impact of four components: inequality 

within population subgroups (𝑤), inequality between population subgroups (𝑏), 

ranking (𝑟) and the relative size in each population subgroup (𝑛). 

Shapley decomposition is based on the well-known concept of Shapley value in 

cooperative game theory (Shapley, 1953). The idea of Shapley value is to remove 

from time to time the contribution of all possible combinations of considered 

factors for determining their marginal contribution. Therefore, when the method is 

applied to inequality indices, considering factors in symmetrical manner, it allows 

to derive the expected marginal contribution to inequality of each factor. Moreover, 

the contributions sum to the exactly amount of inequality index considered 

(Shorrocks 1999 and 2013). 

For comparing the results obtained by Deutsch and Silber (2007) on 𝑅, the same 

factors have been considered for decomposing 𝐵 (i.e. 𝑤, 𝑏, 𝑟, 𝑛). 

Let assume to have a population 𝑃 partitioned in 𝑘 population subgroups 𝑃𝑗 

(𝑗 = 1, … , 𝑘) where 𝑦𝑗𝑖 is the income of recipient 𝑖 (𝑖 = 1, … , 𝑛𝑗) in the population 

subgroup 𝑗. 

For removing 𝑤 is sufficient to replace 𝑦𝑗𝑖 with 𝜇𝑗, that is the average income 

of the population subgroup 𝑗 to which the recipient 𝑖 belongs (𝑦𝑖𝑗 → 𝜇𝑗). While, for 

removing 𝑏, a kind of standardization is done and 𝑦𝑖𝑗 must be replaced with 𝑦𝑖𝑗  
𝜇𝑗

𝜇
 

(𝑦𝑖𝑗 → 𝑦𝑖𝑗  
𝜇𝑗

𝜇
). For closing the effect of difference in size (𝑛) of population 

subgroups off, the population subgroups must be brought to have the same sizes. 

Therefore, the least common multiple of size of each population subgroup is done 
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and the 𝑦𝑖𝑗 are repeated by the number that leads equality in size between the 

population subgroups. When applying on 𝐵, an objection usually raised is that 𝐵, 

on the contrary of 𝑅, does not satisfy the Dalton principle of replication invariant. 

However, with a simulation study – not included here for the sake of brevity – has 

been verified that, when the size increases (since 100 units), the effect of 

replications becomes negligible in 𝐵. Finally, for removing the effect of ranking 

(𝑟) it is sufficient to sort, firstly, the population subgroups by their average income, 

𝜇𝑗, and then the recipients by their income within each population subgroup. 

Obviously for removing the effect of two or more factors at the same time, the 

methods just illustrated must be applied together. 

The marginal impact (𝑆𝑉) of each factor is derived computing the following 

weighted means of the indices (𝐼=𝑅,𝐵) derived when, from time to time, the effect 

of components is removed: 
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In the expressions (1)-(4) the subscript of 𝐼 denotes which factor has been removed 

(for instance 𝐼𝑤  is the index computed when the component of within inequality, 

𝑤, has been removed). 

 

2.1. Numerical illustration 

To better explain how the Shapley decomposition works, the example in Deutsch 

and Silber (2007) is recovered and all the computational steps are exhaustively 

explained. Let us consider a population with 5 recipients with related income 2, 4, 

14, 30 and 50. Assume that individuals with income 2, 14 and 50 belong to 

population subgroup A and those with income 4 and 30 belong to population 

subgroup B. 
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Table 1 shows all the scenarios when removing factors separately, in pairs, in 

tern and all together. Furthermore, the related income distribution and the values of 

𝑅 and 𝐵 are presented. Then, the marginal contributions for each factor (𝑆𝑉) have 

been derived with the expressions (1)-(4) and the values are reported in Table 2. 

Because this is an illustrative example on the application of the Shapley 

decomposition, here the replication invariance principle property for 𝐵 is 

overlooked. Anyway, some important preliminary results can be stressed. In 

particular, when removing 𝑤, 𝐵 is negative (Table 1, case 2 and 7). It can occurs 

when there is negative correlation between mean income and mean rank (Frick and 

Goebel, 2008, p. 559). In fact, in the extreme case, when arranging the distribution 

of income in decreasing order, Rao (1969, p. 245) shows that 𝑅 is equal to −𝑅, and 

the same occurs for 𝐵. 

Table 1   Gini (𝑅) and Bonferroni (𝐵) indices in different scenarios in which the factors 

have been removed. Illustrative example related to the income of 5 recipients 

belonging to two different population subgroups: A={2, 14, 50} and B={4, 30}. 

Removed 

factor 
Income distribution 𝑅 𝐵 

1 − 2 4 14 30 50 0.488 0.698 

2 𝑤 22 17 22 17 22 0.000 -0.017 

3 𝑏 1.82 4.71 12.73 35.29 45.45 0.471 0.686 

4 𝑛 2 2 4 4 4 14 14 30 30 30 50 50 0.481 0.650 

5 𝑟 4 30 2 14 50 0.304 0.431 

6 𝑤𝑏 20 20 20 20 20 0.000 0.000 

7 𝑤𝑛 22 22 17 17 17 22 22 17 17 17 22 22 0.000 -0.022 

8 𝑤𝑟 17 17 22 22 22 0.060 0.098 

9 𝑏𝑛 
1.82 1.82 4.71 4.71 4.71 12.73 12.73 35.29 35.29 

35.29 45.45 45.45 
0.462 0.638 

10 𝑏𝑟 4.71 35.29 1.82 12.73 45.45 0.236 0.346 

11 𝑟𝑛 4 4 4 30 30 30 2 2 14 14 50 50 0.284 0.415 

12 𝑤𝑏𝑛 
19.5 19.5 19.5 19.5 19.5 19.5 19.5 19.5 19.5 19.5 

19.5 19.5 
0.000 0.000 

13 𝑤𝑏𝑟 20 20 20 20 20 0.000 0.000 

14 𝑤𝑛𝑟 17 17 17 17 17 17 22 22 22 22 22 22 0.064 0.091 

15 𝑏𝑛𝑟 
4.71 4.71 4.71 35.29 35.29 1.82 1.82 12.73 12.73 

12.73 45.45 45.45 45.45 
0.217 0.345 

16 𝑤𝑏𝑛𝑟 20 20 20 20 20 20 20 20 20 20 20 20 0.000 0.000 

Note: 𝑤=inequality within, 𝑏=inequality between, 𝑛=size, 𝑟=ranking. 

The results in Table 2 provide an initial idea on the hierarchy and the magnitude of 

the marginal contribution of each factor in determining 𝑅 and 𝐵. Without pursuing 
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further the results of the example, it is just important to point out that the hierarchy 

of the factors is the same for both the indices and their magnitude change slightly. 

Table 2   Marginal impact of each component on Gini (𝑅) and Bonferroni (𝐵) indices. 

Illustrative example related to the income of 5 recipients belonging to two 

different population subgroup: A={2, 14, 50} and B={4, 30}. 

Factor 
Contribution on 𝑅 Contribution on 𝐵 

𝑆𝑉 % 𝑆𝑉 % 

𝑤 0.353 72.34 0.515 73.77 

𝑏 0.038 7.78 0.045 6.39 

𝑛 0.005 1.02 0.018 2.64 

𝑟 0.092 18.86 0.120 17.20 

𝐼 0.488 100.00 0.698 100.00 
Note: 𝑤=inequality within, 𝑏=inequality between, 𝑛=size, 𝑟=ranking. 

 

 

3. Application on real data 

 

The Shapley decomposition of Gini ratio index (𝑅) and Bonferroni index (𝐵) have 

been applied on the data collected by Italian component of European Survey on 

Income and Living Condition of 2009. The Eu-SILC is a yearly survey carried out 

in all European countries and defined within the European Regulation no. 

1177/2003. Its main aim is to provide data on income, poverty and social 

exclusion, both cross-sectional and longitudinal. The Italian sample of 2009 survey 

is 20,928 household and 52,433 individuals. We consider the whole Italian 

population divided into three population subgroups, that are the main geographical 

areas: North, Center and South. In table 3, some descriptive statistics on household 

income distribution for the whole population and for the population subgroups are 

presented.  

The inequality measures have been computed with respect to the household 

incomes. The incomes have not been equivalised to take into account the different 

size of the households. The values of 𝑅 have been estimated through the expression 

of the sampling estimator defined by Eurostat (2004, p. 39), whilst 𝐵 through the 

expression of the sampling estimator derived in Giorgi and Guandalini (2013, p. 

154). 

Looking at Table 3, North and Center have a quite similar situation. Whilst in 

South there are lower incomes and higher inequality. Through Shapley 

decomposition the impact of within inequality (𝑤), between inequality (𝑏), and 

ranking (𝑟), different size of subgroups (𝑛), both on 𝑅 and 𝐵, has been derived. 

Then the contribution for each component on these two inequality measures have 

been compared. The sample size in the three subpopulations considered are larger 



Rivista Italiana di Economia Demografia e Statistica 73 

 

than 4,000 sampling units, therefore the Dalton principle of replication invariance 

can be considered satisfied by 𝐵, too. 

Table 3   Some descriptive statistics on average Italian household income distribution by 

three population subgroups (North, Center and South). Eu-SILC, Italy 2009. 

Total  

Geografical 

Area 

Percentage of 

households 
Q1 Median  Q3 Mean 𝑅 𝐵 

North 48.30 16,603 26,631 40,844 31,872 0.360 0.481 

Center 19.74 16,566 26,330 41,066 31,609 0.358 0.481 

South 31.96 12,819 20,285 31,272 24,434 0.367 0.488 

Italy 100.00 15,148 24,118 38,233 29,442 0.367 0.487 

Note: Sample size=20,928; Total number of the household=24,641,200. 

In Figure 2 the Lorenz curve and the Bonferroni curve for each scenario have 

been reported. They show what happen to the income distribution when the 

components considered are removed separately, in pairs, in tern and all together. In 

this way it is easier to understand in which way the factors contribute to the 

inequality. 

Table 4   Marginal impact of each component on Gini (𝑅) and Bonferroni (𝐵) indices. 

Confidence interval at 95% in squared brackets. Application on average Italian 

household income distribution by three population subgroups (North, Center and 

South). Eu-SILC, Italy 2009. 

Factor 
Contribution on 𝑅 Contribution on 𝐵 

𝑆𝑉 % 𝑆𝑉 % 

𝑤 
0.24111 

[0.24100, 0.24122] 

65.70 

[65.69, 65.71] 

0.33433 

[0.33414, 0.33452] 

68.74 

[68.71, 68.77] 

𝑏 
0.03553 

[0.03540, 0.03567] 

9.68 

[9.65, 9.72] 

0.04603 

[0.04585, 0.04622] 

9.46 

[9.43, 9.50] 

𝑛 
0.00131 

[0.00128, 0.00134] 

0.36 

[0.35, 0.36] 

0.00544 

[0.00534, 0.00554] 

1.12 

[1.10, 1.14] 

𝑟 
0.08904 

[0.08894, 0.08913] 

24.26 

[24.24, 24.29] 

0.10057 

[0.10041, 0.10073] 

20.68 

[20.65, 20.71] 

𝐼 
0.36699 

[0.36682, 0.36716] 

100.00 

 

0.48637 

[0.48618, 0.48657] 

100.00 

 
Note: 𝑤=inequality within, 𝑏=inequality between, 𝑛=size, 𝑟=ranking. 

The index 𝑅 is equal to 0.367 and 𝐵 is equal to 0.502 (Figure 2: case 1). When 

removing the component 𝑤 both the indices are close to 0. Instead, when closing  

the 𝑏 component off, they decrease slightly. Removing 𝑛 has an unimportant effect 

on indices. Finally, when removing 𝑟 component, we have a particular trend of 
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both curves, because in these cases we order first the population subgroups and 

then the units within the population subgroup (Figure 2: cases 5, 10, 11 and 15). In 

table 4 the absolute and relative impact of each of four components considered is 

shown. 
 

4. Conclusion and further research 

 

An important topic on inequality measures is their decomposition. Two main lines 

of research can be distinguished: decomposition by income sources and by 

population subgroups. In the literature less attention has been paid on 

decomposition by population subgroups because the inequality indices are not 

additively decomposable. To overcome this drawback Deutsch and Silber (2007) 

used the so-called Shapley method to decompose 𝑅. In the present paper the same 

method has been applied to decompose 𝐵. 

The Shapley decomposition has been useful also to highlight the difference 

between 𝑅 and 𝐵. The empirical illustration shows the decomposition of both 

indices in Italy in 2009 when the whole Italian population is divided considering 

the three main geographical areas: North, Center and South. Four components are 

considered in the decomposition: inequality within groups (𝑤), inequality between 

groups (𝑏), differences in size (𝑠) and ranking (𝑟). For both indices, most of the 

total inequality is due to 𝑤 followed by 𝑟, 𝑏 and 𝑛. 

The relative contribution of between groups inequality is similar for both the 

indices. The within groups inequality has a higher contribution in determining 𝑅, 

whilst ranking and differences in size have a higher contribution in determining 𝐵. 

The study case shows that, besides the difference between 𝐵 and 𝑅 in assigning 

weights to the units and the consequent greater sensitivity for lower levels of 

income by 𝐵, other interesting features make the index different. In fact, the 

features of each group, such as homogeneity within - denoted by the component of 

inequality within (𝑤) - and the size of the groups (component 𝑛), have higher 

influence on 𝐵 than on 𝑅. The hierarchy and the magnitude of these components in 

determining the inequality appear to be confirmed both in the application on real 

data and in the numerical illustration. However, a deeper investigation on the range 

of variation of the components under different income distributions is very 

interesting and it will be the object of further studies. 
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Figure 2  Gini curve and Bonferroni curve when removing the component within (w), 

between (b), size (n) and ranking (r) separately, in pairs, in tern and all 

together. 
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SUMMARY 

Bonferroni Index Decomposition and  

the Shapley method 
 

The Bonferroni inequality index (𝐵) remained almost forgotten until the last two 

decades. Recently, it has been rediscovered and furthermore, new and interesting 

interpretations of 𝐵 have been proposed. An important topic in the literature on 

inequality measures is their decomposition. Two main important lines of research 

involve decomposition by income sources and by population subgroups. Many 

contributions are related to 𝑅, less to 𝐵. The Shapley decomposition enables to 

overcome the problem related to inequality index of not being additively 

decomposable into the sum of within and between groups components. In this 

perspective Deutsch and Silber (2007) use the Shapley decomposition for 𝑅. In this 

paper, the Shapley decomposition have been applied to 𝐵, too. The comparison 

among the results obtained for both the indices allows to highlight other interesting 

similarities and differences among the two indices. 
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